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Abstract

The objective of this paper is to determine a simplified formula in reducing the powers of
tangent and cotangent from exponent 4 to 1 with any value of n. The squares of tangent
theorem will be used as the initial approach to attain the formula desired. The traditional way
of reducing the powers of tangent and cotangent will be shown and compared to the empirical
one. Results showed that using the new formula developed the simplification ofTan4n6 and
Cot4n6 using squares of tangent theorem made the procedure fast and reliable. This formula
offers a variety of use in the field of mathematics especially in Trigonometry. From the
squares of tangent theorem the two new formulas will emerge.

Keywords: Squares of Tangent Theorem, Half Angle identity, multiple angle formula, half
angle formula, and trigonometric identities.

1.INTRODUCTION

The process of solving mathematical problems is a burden to some students especially if math
is their waterloo. Dr. Euler a well- known mathematician discovered a formula that will cure
mathematical illnesses. The process of reducing the powers of sine and cosine was earlier
studied that lead to the development of some formula gearing to a simplified approach of
integration techniques. Half angle formulas play a vital role in the development of
mathematical formula in trigonometry and calculus. It is the initial step commonly used in
evaluating multiple angle formulas. The other formulas used are the other multiple angle
formulas like the double angle formula and the sum to product and product to sum formula.
Tangent function usually used the identity involving sine and cosine to simplify the
expression. Trigonometric identities are widely used also to simplify expressions (Fehribach,
2006; Suello, 2015).

The use of Half angle formula for sine and cosine functions is an initial guide on how to
evaluate and simplify different functions. This is manifested in study of some mathematicians
wherein they developed a simplified approach to teaching mathematics. With the continuous
development of mathematical formula a complex equations becomes an easy one(Dampil,
2014).

The objective of this paper is to develop a new formula that will simplify the solution in
expressing Tan4n6 and Cot4n6 in terms of cosine function with exponent 1. Some examples
are given using the old method and the new one. The results of the new formula show that the
new onesaves time therefore easier to use. Square theorem for tangent is also known as half
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angle identity (Proof Week, 2014).

Half angle identities for sine, cosine andtangent(Kuang & Kase, 2012, p. 101; Swokowski &
Cole, 2012, p. 574; Bible, n.d.).

., 1-cos2u

sin‘u=——
2

2 1+ cos2u

cos“U=———
2

1-cos2

tanzu:ﬂ

1+ cos2u

2. PROCEDURE OF THE OLD METHOD

To reduce the exponents of tangent function the square theorem or half angle identity for
tangent is used. The formula for tangent was derived using the formula of square of sine and
cosine written above. Normally it is being factored to reduce the exponent. All functions with
equivalent identity are substituted before manipulating and simplifying the equation.

If you are to express tan*u in terms of the cosine function with exponent 1 the procedure will
be as follows:

Factor tan‘u
tan” u = (tan” u)(tan® u)

Substitute

tan? uby(l—COSZU
1+ cos2u

1-cos2u, ,1-cos2u

1+cos2u” 1+ cos2u
Multiply
1-2co0s2u +cos?2u

tan®u =

tan*u=
1+ 2cos2u +cos®2u
1+ cos4
But cos?2u = %
Substitute
1+ cos4u
tan“ U= 1-2cos2u +———
1+ 2cos2u + w
Simplify
4 1-2cos2u + 1 + cosAu
tan“u= 2
1+ 2cos2u + % + cos4u
4 E -2C0S2u + cos4u
tan"u= 2

cos4u

g + 2C0S2U +
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tan‘u= 3-4cos2u + cos 4u
3+ 4cos2u + cos 4u

Similarly, if you are to express tan*2u in terms of the cosine function with exponent 1 the
procedure will be:

Factor tan®2u
tan® 2u = (tan® 2u)(tan® 2u)

Substitute

tan? 2u by(l-cos4u )
1+ cos4u

tan® 2y = (1-C0s4u  1-cos4u
1+cos4u” 1+ cos4u
Multiply
tan® 2y = 1-2cos4u +cos®4u
1+ 2cos4u +cos’ 4u

But COSZ 4qu = M

Substitute

1+ cos8u
tan“ o = 1-2cos4u+——

1+ cos8u
2

1+ 2cos4u +

Simplify
1 cos8u

tan® 2u = 1-2cos4u +§+

1+ 2cos4u + 1 + 00328u

cos8u

3
— -2c0s4u
tan*2u= 2 M

cos8u

g+ 2cos4u +

tan® 2u = 3-4cos4u +cos8u
3+ 4cos4u + cos8u

Another example is express tan*3u in terms of cosine function with exponent 1. The same
procedure will be followed:

Factor tan”3u
tan® 3u = (tan® 3u)(tan® 3u)

Substitute

tan? 3u by (M)
1+ cos6bu

tan® 3y = (1-C0s6u , ~1-cos6u
1+cosbu” 1+ cosbu
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Multiply

2
tan* 3y = L~ 2c0s6u +cos”6u
1+ 2cos6u + cos?6u

But cos? 6y — 1+cosl2u

2
Substitute

1+cosl2u
tan® 3u = 1-2cosbu + ————

1+ 2cos6u + %

Simplify
1 cosl2u
1-2cos6u + =
tan*3u = urs+ 2
1+ 2cos6u + 1 + 005212u
3 cosl2u
— - 2C0s6
tan*3u= 2 v
cosl2u

— + 2c0os6bu +
2

tan? 3y = 3-4cos6bu +cos12u
3+ 4cos6u + cosl2u

Generalizing the results for the three examples given

tan® u= 3-4cos2u + cos4u
3+ 4cos2u + cos 4u
tan? 2u = 3-4cos4u +cos8u

3+ 4cos4u + cos8u

tan? 3y = 3-4cos6bu +cos12u
3+ 4cos6u +cos12u

We can say that for every functiontan*nu the simplified expression in terms of cosine
function with exponent 1 is:
tan? nu = 3-4cos2nu + cos 4nu
3+ 4cos2nu + cos4nu

In the case of cotangent function with exponent 4, the same method will be applied:
If you are to express cot*u in terms of the cosine function with exponent 1 the procedure
will be as followed:

Use reciprocal identity for cot*u then factor

cot*u =

tan’ u

1
1-cos2u
1+cos2u

cot*u=
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_ 1+cos2u
1-cos2u

cot*u

cot* u = (cot? u)(cot? u)

Substitute cot?u by (1*C0S24y

1-cos2u

1+ cos2u, ,1+cos2u
1-cos2u” "1-cos2u
Multiply

1+ 2c0s2u +cos?2u

cot*u=(

cot*u=
1-2c0s2u + cos?2u
1+ cos4u
But cos?ou="—"""
Substitute
1+ cos4u
C0t4 U= 1+2c0s2u+————
1-2cos2u + M
Simplify
4 1+ 2cos2u + 1 + cosau
cot"u= 2
1-2cos2u + i + cos4u
2 2
4 E + 2c0s2U + cosau
cot"u=2
cos4u

E — 2C0S2U +

cottu= 3+ 4cos2u + cos4u
3—4cos2u + cos4u

Similarly, if you are to express cot*2u in terms of the cosine function with exponent 1 the
procedure will be:

Use reciprocal identity for  cot*2u then factor

cot* 2u = %
tan” 2u
cot? 2u = o
~ 1-cos2u
1+ cos2u
cot 2u — 1+ cos2u
1-cos2u

cot* 2u = (cot? 2u)(cot? 2u)
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Substitute cot? 2u by (M)
1-cos4u

1+ cosdu, , 1+ cosdu
1-cosd4u” 1-cosd4u

cot® 2u=(

Multiply

cot® 2y = 1+ 2c0s4u +cos® 4u

1- 2cos4u +cos?4u

1+ cos8u
2

But cos?4u =

Substitute

1+ cos8u
C0t4 oy = 1+ 2cos4u +——

1-2cos4u + M

Simplify .
1 cos8u

4 1+2cos4u+—+
cot” 2u = 2

1-2cos4u + % + cos8u

cos8u

3
— + 2cos4u +
cot*2u=2

cos8u

§ —2cos4u +
2

cot? 2u = 3+ 4cos4u + cos8u
3—4cos4u + cos8u

Another example is express cot*3u in terms of cosine function with exponent 1. The same
procedure will be followed:

Use reciprocal identity for  cot*3u then factor

cot*3u = +

tan” 3u
1
4 J—

cot” 3u = 1-cos6u
1+ cos6éu

cot* 3y — 1+ cos6u
1- cos6u

cot* 3u = (cot? 3u)(cot? 3u)

Substitute cot?3u by (1*056u,

1-cos6u
cot 3y = (1+ cosGu) (1+ cos6u)
1-cos6u 1-cosu
Multiply
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1+ 2cos6u + cos?6u
1-2cos6u + cos?6u

cot*3u=

1+ cosl2u
2

But cos?6u =

Substitute

1+ cosl2u
C0t4 3= 1+ 2cosbu + ————

1-2cos6u + M

Simplify
_ 1+ 2cos6u + % + cos12u

cot*3u=
1-2cos6u + 1 + 005212u

4 § + 2cos6u + cos12u
cot"3u=2

cosl2u

§ —2c0os6u +
2

cot* 3y = 3+4cos6u +cosl2u
3—4cos6u +cos12u
Generalizing the results for the three examples given

u = 3+4cos2u + cos 4u

3—4cos2u + cos4u
cot* 2y = 3+4cos4u + cos8u

3—4cos4u + cos8u

cot*

cot* 3y = 3+4cos6u +cosl2u
3—4cos6u +cos12u
We can say that for every functioncot*nu the simplified expression in terms of cosine

function with exponent 1 is:
cot* nu = 3+4cos2nu +cos4nu

3—4cos2nu +cos4nu

Therefore, instead of simplifying the function tan*nu and cot*nuinto a function with
exponent 1 using the long method we can use the simplified formula which is:
tan® nu = 3-4cos2nu +cos4nu
3+ 4cos2nu + cos4nu
cot? nu = 3+ 4cos2nu + cos4nu
3—4cos2nu + cos4nu

3. PROCEDURE OF THE NEW METHOD

With the new formula we can solve the same problem with different values of n. This makes
the procedure easy and solution shorter.

EXAMPLE:

Express the following example in terms of cosine function with exponent 1 using the formula
written below
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3-4co0s2nu + cos4nu

tan® nu = 3+ 4cos2nu + cos 4nu
3+ 4cos2nu +cos4nu

cot* nu — 3—4cos2nu + cos 4nu

1. tan‘4u= 3-4cos2nu + cos 4nu
3+ 4cos2nu + cos4nu
— 3-4co0s2(4)u +cos4(4)u
3+4c0s2(4)u +cos4(4)u
— 3-4cos8u + cosl6u
3+ 4cos8u + cos16u

5. tan®5u= 3-4co0s2nu + cos 4nu
3+ 4cos2nu + cos 4nu
— 3-4co0s2(5)u +cos4(5)u
3+4cos2(5)u +cos4(5)u
— 3-4co0s10u +cos 20u
3+ 4co0s10u + cos 20u

3. tan‘6u= 3-4co0s2nu + cos 4nu
3+ 4cos2nu + cos 4nu
— 3-4cos2(6)u + cos 4(6)u
3+4cos2(6)u + cos4(6)u
— 3-4co0s12u +cos24u
3+ 4cos12u + cos 24u

3+ 4cos2nu + cos 4nu
4. cot*4u = 3—4cos2nu +cos4nu
— 3+4cos2(4)u +cos4(4)u
3—4cos2(4)u +cos 4(4)u
— 3+4cos8u + cos16u
3—4cos8u + cos16u

5. cot*5u= 3+ 4cos2nu +cos4nu

3—4cos2nu +cos4nu
— 3+4cos2(5)u +cos4(5)u

3—4cos2(5)u + cos 4(5)u
— 3+4c0s10u + cos 20u
3—4co0s10u + cos 20u

6. cot? 6y = 3+4cos2nu +cos4nu

3—4cos2nu +cos4nu
— 3+4cos2(6)u +cos4(6)u

3—4co0s2(6)u + cos4(6)u
— 3+4co0s12u + cos 24u
3—4co0s12u + cos 24u
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4. CONCLUSION

The traditional way of reducing the powers of tangent and cotangent is usually done by
factoring before applying trigonometric identities. The equivalent identities is substituted
then simplified before the final answered is achieved. Simplifying this kind of form is a very
long process. With the use of this new formula for tangent and cotangent coming from the
squares of tangent theorem reducing the powers became easier. The process to solve this
shorter which require only the formula itself. The formula presented is easy to since it is the
generalized formula for tangent and cotangent with exponent 4 only. This concludes that
reducing the exponents of the said function can be easily attainedif the formula is sufficiently
followed. This is very useful in trigonometry and in other areas of Mathematics.

Asia Pacific Institute of Advanced Research (APIAR)
www.apiar.org.au



Page4 1

IT.

III.

VIL

REFERENCES

BIBLE, O., N.D. LESSON 30: MULTIPLE ANGLE FORMULA. [ONLINE]
AVAILABLE AT: HTTP://WWW2.VOLSTATE.EDU/OBIBLE/PPT/1720/1.SN30/INDEX.HTML
[ACCESSED 2015].

DAMPIL, F. G., 2014. DEVELOPMENT OF TRIGONOMETRIC FORMULA FOR SIN4N® AND COS4N®
USING HALF ANGLE IDENTITIES AS MATHEMATICAL ALGORITHM. INTERNATIONAL JOURNAL OF
APPLIED PHYSICS AND MATHEMATICS, 4(3), PP. 155-158.

FEHRIBACH, J. D., 2006. DR. EULER'S FABULOUS FORMULA: CURES MANY MATHEMATICAL ILLS.
CHOICES, 44(4), P. 679.

KUANG, Y. & KASE, E., 2012. PRE-CALCULUS FOR DUMMIES. 2ND ED. HOBOKEN, NJ: JOHN
WILEY & SONS.

PROOF WEEK, 2014. POWER REDUCTION FORMULAS. [ONLINE]
AVAILABLE AT: HTTPS://PROOFWIKI.ORG/WIKI/POWER REDUCTION FORMULAS
[ACCESSED 2015].

SUELLO, L. E., 2015. SIMPLIFIED METHOD OF EVALUATING INTEGRALS OF POWERS OF SINE
USING REDUCTION FORMULA AS MATHEMATICAL ALGORITHM. INTERNATIONAL JOURNAL OF
APPLIED PHYSICS AND MATHEMATICS, 5(3), PP. 192-198.

SWOKOWSKI, E. & COLE, J., 2012. ALGEBRA AND TRIGONOMETRY WITH ANALYTIC GEOMETRY.
13TH ED. MASON, OH: CENGAGE.

Asia Pacific Institute of Advanced Research (APIAR)
www.apiar.org.au



